I review and discuss a selected sample of recent results in pNRQCD.
Introduction
Non-relativistic bound-state systems are characterized by, at least, three widely separated scales: the mass m of the particle, the (soft) scale associated to its relative momentum ∼ mv, v ≪ 1, and the (ultrasoft) scale associated to its kinetic energy ∼ mv 2 . In QED and in the perturbative regime of QCD the velocity v of the particle in the bound state may be identified with the coupling constant. Moreover, the inverse of the size of the system is also of order mv and the binding energy of order mv 2 . Indeed, a systematic treatment of nonrelativistic bound-state systems in the framework of effective field theories (EFT), which takes full advantage of the above energy scale hierarchy, was initiated in QED 1 and in more recent years remarkable progress has been achieved in the analysis of tt threshold production 2 . For systems made of b and c quarks (I will denote them generically as heavy quarkonia: ψ, Υ, B c , ...) non-perturbative contributions may be relevant. By comparing the energy level spacings of these systems (see Fig. 1 ) with the heavy-quark masses (e.g. m b ≃ 5 GeV and m c ≃ 1.6 GeV) we can still argue that the data are consistent with a kinetic energy of the bound quark much smaller than the heavy-quark mass and, therefore, with a non-relativistic (NR) description of the heavy-quark-antiquark system. However, in dependence of the specific system, the scale of non-perturbative physics, Λ QCD , may turn out to be close to some of its dynamical scales. The physical picture, which then arises, may be quite different from the perturbative situation. What remains guaranteed, also for heavy quarkonia, is that m ≫ Λ QCD and that at least the mass scale can be treated perturbatively, i.e. integrated out from QCD order by order in the coupling constant. The resulting EFT is called NRQCD 3 . A lot of effort has been put over the last two decades in order to find the relevant operators, which parameterize the non-perturbative heavy-quark- antiquark interaction, once the mass scale has been integrated out. In some classical works 4, 5, 6, 7 these operators were identified with Wilson loop operators. At the same time, however, the relevance of less extended nonperturbative objects was pointed out in 8, 9, 10 for situations where the scale of non-perturbative physics is of the order mv 2 or smaller. A first nonperturbative derivation of some heavy quarkonia potentials in the framework of NRQCD was done in 11 . While a full systematic study of the heavy-quarkantiquark systems in an EFT framework, which incorporates all the possible dynamical situations (at least in pure gluodynamics) and factorizes the relevant non-perturbative operators, has been recently completed in 12, 13, 14 . In the following I will discuss the EFT that may be constructed from NRQCD by integrating out the scale of the momentum transfer, assumed to be the next relevant scale of the system. I shall call the obtained EFT, potential NRQCD (pNRQCD) 16 . In Sec. 2 I will consider the situation where this scale is much bigger than Λ QCD , (more specifically I will consider mv 2 not smaller than Λ QCD ). To this situation belong QED bound states (in the appropriate gauge-group limit) and what would be tt bound states. In particular, I will review the α 5 ln α calculation of the quarkonium spectrum and some of its implication for the e + e − → tt cross section. It is not a priori clear to which heavy-quarkonium states these results apply. As a guideline we may take the results of 15 plotted in Fig. 2 . Eventually the internal consistency of the EFT and the comparison with the experimental data will provide a way to discriminate among the different situations. The quarkonium ground-state radii, in particular for the Υ(1S), appear to fall in a region where the potential is characterized by a Coulomb-type behaviour. This suggests that a perturbative treatment at the momentum-transfer scale may be correct. Instead, heavy-quarkonium resonances higher than the ground state fall in a region where the potential is no longer of the Coulomb-type. This seems to indicate that a perturbative treatment of the momentum transfer scale is not allowed for them. In Sec. 3 I will consider this last situation.
Quarkonium at the NNNLO
In this section I shall discuss heavy quarkonium in the dynamical situation where mv 2 is not smaller than Λ QCD . This means that at the matching scale to pNRQCD, mv > µ > mv 2 , I can still assume that (ultrasoft) gluons and quarkantiquark states in color-singlet and color-octet configuration exist. What would be toponium in tt threshold production and (likely) heavy-quarkonium ground states fall in this situation. The aim is to set up the framework for an eventual full NNNLO calculation of the heavy quarkonium masses as well as the e + e − → tt cross section. More explicitly I will give the leading log contributions to the NNNLO.
The pNRQCD Lagrangian in the situation Λ QCD < ∼ mv 2 , considering only the terms relevant to the analysis of the leading-log corrections at the NNNLO ... ...
... of the singlet, reads as follows:
where r is the relative coordinate, p = −i∇ r , and S (= S 1l c / √ N c ) and O are the singlet and octet field, respectively. All the gauge fields in Eq. (1) can be obtained from matching NRQCD to pNRQCD at O(1/m 0 ) exactly at the two-loop level 17, 18 and with leading-log accuracy at the three-loop level
12
(see Fig. 3 ). The result reads (2) where β n are the coefficients of the beta function and the values of a 1 and a 2 can be found in 18 . For the calculation of the matching potential V (1) and V (2) we need to perform the matching exactly at one-loop level 19 and with leading-log accuracy at two-loop level 20 and exactly at tree level 21 and with leading-log accuracy at one loop level 20 respectively. (The leading logs may be extracted by considering the ultraviolet divergences of the pNRQCD diagram in Fig. 3 , when evaluated on the full octet propagator.) The result reads
The quarkonium spectrum at leading log accuracy of the NNNLO, in the situation Λ QCD < ∼ mv 2 , is given by 20, 22 E n,l,j = n, l|V
where
and the states |n, l are the eigenstates of the Hamiltonian p 2 /m + V (0) . The µ dependence of the first line of Eq. (11) cancels against the ultrasoft contributions of the second line, which corresponds to the pNRQCD diagram of Fig. 3 when evaluated on the full octet propagator i/(E − h o ).
In the situation where Λ QCD ≪ mv 2 the correlator E a (t)φ(t, 0) adj ab E b (0) can be calculated perturbatively (a one-loop calculation of it is in 24 ). An explicit expression of Eq. (11) at order α 5 s ln α s is given in 20 . In 23 also the ultrasoft corrections to the wave-functions in the origin have been calculated:
(12) From these the leading-log correction to the NNNLO of the e + e − → tt cross section has been calculated. In Fig. 4 R(E) = σ(e + e − → tt)/σ(e + e − → µ + µ − ) is shown at NNLO and with the leading log correction included. The aim of such an analysis, once the complete NNNLO will be calculated, is to reach a 50 MeV sensitivity on the top quark mass from the t-t cross-section near threshold to be measured at a Next Linear Collider 
This correction has been considered in 25, 26 . In dependence of the (ultrasoft) scale at which α s is calculated it may be as large as 80−100 MeV. It is not clear, up to now, if the size of this correction should be taken as a serious estimate of the complete order α Despite some remarkable progress achieved recently in increasing our knowledge of perturbative corrections either by resumming potentially large logarithms 27 or by considering in the bottomonium system the effects due to the finite charm quark mass 28 , the real challenge for heavy quarkonia remain non-perturbative contributions. The uncertainty related to them is usually believed to be of 100 MeV for the Υ(1S) and of several hundreds MeV for the J/ψ and, therefore, it dominates over higher perturbative corrections, once a renormalon free mass definition has been used. The leading nonperturbative contributions to the spectrum can be also read from Eq. (11) . For the general case Λ QCD < ∼ mv 2 they are encoded into the gluonic correlator
, which may be expanded in terms of local condensates in the situation Λ QCD ≪ mv 2 . A discussion can be found in 29 . It is not clear what situation applies to the physical systems of interest. If the ground states of bottomonium and charmonium fall into the situation Λ QCD < ∼ mv 2 , which is likely, a study of these systems using Eq. (11) and one of the parameterization of the gluonic correlator suggested by sum-rule calculations 30 , by different lattice simulations 31, 32 or by QCD vacuum models 33 is timely. 
Quarkonium-quarkonium scattering
The above EFT approach may be further pursued if the heavy quarkonium system interacts with other systems so that scales smaller than the binding energy, E bind , are present. This is the situation that may happen in the scattering of heavy-quarkonium states if the energy of the hadron, E had , is much smaller than E bind 34 . By integrating out from the scattering amplitude the higher energy scales, we may get a suitable definition of the quarkonium-quarkonium potential (see Fig. 5 ). The situation is similar to the matching to pNRQCD discussed above. More specifically the quarkonium-quarkonium van der Waals potential is given by
being R the relative coordinate of the quarkonia. The coefficients a ij come from the matching to pNRQCD:
Notice that in this case the relevant non-perturbative operator is a fourchromoelectric-field correlator. Applications to the J/ψ − J/ψ scattering have been recently discussed in 35 .
3 Long-range quarkonium For higher heavy-quarkonium states the Coulombic Bohr radius tends to become large and the perturbative matching, which led to pNRQCD in the above formulation, is no longer justified. b However, the success of traditional potential models seems to suggest that a NR description of these systems may still hold (for some reviews see 36, 37 ). Therefore, one may still think to follow the same procedure discussed in the previous section for the perturbative case and integrate out the scale of the momentum transfer in order to get what would be pNRQCD in this situation. The result is a NR quantum-mechanical description of heavy quarkonium fully derived from (NR)QCD via a non-perturbative matching. I will assume that the matching between NRQCD and pNRQCD can be performed order by order in a 1/m expansion. While this can be justified within a perturbative framework, in a non-perturbative situation, one may question on its validity. For instance, a case where certain degrees of freedom cannot be integrated out in this way has been considered in 38 . This point surely deserves further studies. It is also relevant in order to establish the proper power counting of NRQCD, on which I will comment later on.
In order to identify the degrees of freedom of pNRQCD in the situation where the momentum transfer of the system is close to Λ QCD , I first consider the NRQCD Hamiltonian up to order 1/m
m n where
, Π a is the canonical momentum conjugated to the gauge field A a , and the terms H (1) and H (2) may be read off from the NRQCD Lagrangian 14 . In the static limit the one-quark-one-antiquark sector of the Fock space may be spanned by |n;
with energy E
n (x 1 , x 2 ), and χ c (x) = iσ 2 χ * (x). |n; x 1 , x 2 (0) encodes the gluonic content of the state, i.e. it is annihilated by χ c (x) and ψ(x) (∀x). The positions x 1 and x 2 of the quark and antiquark respectively are good quantum numbers for the static solution |n; x 1 , x 2 (0) (but will be used also to label the eigenstates of H); n generically denotes the remaining quantum numbers, which are classified by the irreducible representations of the symmetry group D ∞h (substituting the parity generator by CP). I also choose |n;
to be invariant under time inversion. The ground-state energy E (0) 0 (x 1 , x 2 ) can be associated (in some specific situation) to the static potential of the heavy quarkonium. The remaining energies E (0) n (x 1 , x 2 ), n = 0, are usually associated to the potentials describing heavy hybrids or heavy quarkonium (or other heavy hybrids) plus glueballs. They can be computed on the lattice (see, for instance, 39, 40 ). Beyond the static limit, but still working order by order in 1/m, the eigenvalues E n (x 1 , x 2 ; p) of the Hamiltonian H, up to O(1/m 2 ), are given by
. (15) E 0 corresponds to the quantum-mechanical Hamiltonian of the heavy quarkonium (in some specific situation). The other energies E n , for n > 0, are related to the quantum-mechanical Hamiltonian of higher gluonic excitations between heavy quarks. Explicit expressions for the energies E n , obtained from the above formula, can be found in 13, 14 . Let me now assume that, because of a mass gap in QCD, the energy splitting between the ground state and the first gluonic excitation is larger than mv 2 (see also the data reported by G. Bali at this conference), and, because of chiral symmetry breaking of QCD, Goldstone bosons (pions/kaons) appear. Hence, in this situation, the states with ultrasoft energies (i.e. the degrees of freedom of pNRQCD) would be the ultrasoft excitations about the static ground state, which we call the singlet, plus the Goldstone bosons. If one switches off the light fermions (pure gluodynamics), only the singlet survives and pNRQCD reduces to a pure two-particle NR quantum-mechanical system. Therefore, under the assumption of the validity of the 1/m expansion (in the matching) and of the existence of a mass gap between the singlet and the other gluonic excitations between heavy quarks, we obtain the typical situation described by potential models. More specifically, in terms of the NRQCD states discussed above, this means that only |0; x 1 , x 2 (0) is kept as an explicit degree of freedom, whereas |n; x 1 , x 2 (0) with n = 0 are integrated out. |0;
provides the only dynamical degree of freedom of the theory. It is described by means of a bilinear colour singlet field, S(x 1 , x 2 , t), with the same quantum numbers and transformation properties under symmetries. In the above situation, the Lagrangian of pNRQCD reads
m 2 is the Hamiltonian of the singlet and may be identified through the matching condition
I note that, if other ultrasoft degrees of freedom, apart from the singlet, exist, they may be added systematically to the above Lagrangian in an analogous way as done in the perturbative situation (see Eq. (1)). For what concerns the effects on the computation of the potentials, since we are integrating over all the states, in the situation where some of them, different from the singlet, are ultrasoft, we would just need to subtract their contribution later on. In 13,14 the matching of NRQCD to pNRQCD has been performed up to order 1/m 2 and the above potentials have been obtained explicitly in terms of Wilson loops 4 . For the static potential the result reads
where W 2 is a rectangular Wilson loop of dimension r × T . The 1/m and 1/m 2 potentials may be read off from 13,14 after the identifications (cf. Eq. (4)):
Having expressed the non-perturbative dynamics of the heavy-quark potentials in terms of Wilson loops is extremely convenient, for these quantities may be calculated directly in lattice simulations 41 . Moreover, these operators can be also calculated in QCD vacuum models 42, 43 , providing a way to check, directly on the phenomenology, assumptions on the structure of the QCD vacuum. In particular, it would be of interest to see what the vortices picture of the QCD vacuum, which has received so much attention in recent years 44 , may predict on these correlators. Finally, I would like to stress that the obtained expressions for the potentials are also correct perturbatively at any order in α s .
The NRQCD power counting
An important issue, once the EFT Lagrangian has been calculated through the matching procedure, is to establish its power counting in order to calculate physical observables.
c Establishing the power counting of pNRQCD in the non-perturbative regime is, however, not only important by itself. It may also serve to establish the non-perturbative power counting of NRQCD, which is an important source of information on the spectrum of excited quarkonium states (but also heavy-light mesons) 45 . The power counting usually adopted there and discussed, for instance, in 46 is inherited from the perturbative regime. However, there is no certainty that this is the suitable one for calculating higher quarkonium states, since in the non-perturbative regime different power countings are, in principle, possible. The above formulation of pNRQCD has translated the problem of the NRQCD power counting to obtaining the power counting of the different potentials. This is expected to be of some advantage: 1) because the power counting of pNRQCD is simpler and quantum-mechanical arguments, like the virial theorem, may be more properly formulated in this context; 2) because all the potentials are expressed in terms of Wilson loops, for which there are or there will be direct lattice measurements.
As an example of power counting in pNRQCD we can assume that the potentials scale with mv. By definition the kinetic energy counts as mv 2 . V
would count as mv, if the virial theorem would not constrain it to count also as mv 2 . In the perturbative case this extra v suppression comes from the factor α s ∼ v in the potential (see Eq. (2)). From our general assumption V
(1) /m scales like mv 2 . Therefore, it could be in principle as large as V (0) .
